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Lasting Effects of the Integrated Use of Graphing Technologies in
Precalculus Mathematics’

William O. Martin

Abstract

Technologies plav -« prominent role in current reforms of school and collegiate matheamics.  Studies
over the past decade have shown that technologies can be wsed in ways that promote enhanced
learning of baxic marthematical concepts such as function. However, there iy little evidence about the
robustness or durability of gains beyond an individual course. This study examined wavs in which

Jirst-semester calculus students still showed the influence of a graphing-intensive college algebra

course they had studied one or nvo semesters earlier. Eighteen students at a large research university
were asked to solve a series of problems in individual, audiotaped interviews during the last month of
a traditionally taught calculus course. Two marched groups of students participated:  (a) experimental
students who had studied college algebra in sections that integrated the use of graphing technologies
and (h) comparison students from traditionally taught sections of college algebra. The data showed
that graphing students did continue 1o use technologies but mainly in routine rather than advanced
wavs, Neither group of students sliowed strong preparation for calculus from the precaleulus course.
The main conclusions of this study were that (a) graphing technologies do have a lasting impact on
students, even when the use of these tools is discouraged or prohibited, and () many students do not
become sophisticated users nor do they appear 1o gain the expected lasting enhancements of
conceptual knowledge during a one semester course. The implication of these findings is that careful
attention to pedagogical issues must accompany curricular integration of technologies if changes are
to significantly improve students” conceprual learning in mathematics.

What Impact Might Technologies Have on Learning and Retention?

Graphing caleulators are increasingly being used in school and college mathematics classes, New
ideas for uses of graphing technologies in mathematics classes are regularly featured at conferences
and i the mathematies education literature; especially, in journals directed at school and college
mathematics instructors (several recent examples include Curjel. 1993: Naraine, 1993; Demana &
Waits, 1993) Curnicular materiabs that draw on graphing technologies are also appearing: many
texthooks acknowledge the existence of graphing technotogies and several new textbooks for
precatcutus (e.g.. Demana, Waits, & Clemens, 1992y and caleulus (e.g.. Dick & Patton, 1992) require
student access to graphing tools, Iy the movement toward increased use and integration of graphing
technotogies i mathematies, and particularly in precaleulus, appropriate? Some rescarch suggests that
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Graphing Technologies’ Lasting Effects 2

the answer is "ves™ but the question needs much more study (Dunham, CITATION REQUIRED).
Among the questions that could be raised about the integrated use of graphing technologies in
precaleutus are the following:

*  How do students who have used graphing technologies while studying mathematics draw on this
knowledge in subsequent mathematics courses?

* Do differences between groups with fraphing and traditional backgrounds, as have been
hypothesized and found by rescarchers, persist after the precalculus course?

* Do graphing approach students, because of decreased emphasis on traditional manipulative skitls in
algebra, appear disadvantaged during a subsequent traditionally taught mathematics course?

The use of technologies in school and college mathematies instruction has received considerable
attention during the past decade. Technologies have been used in ways that promoted enhanced
conceptual learning (Palmiter, 1991 Tutte, 19903 with little or no detrimental eftect on students’
abilities to carry out necessary procedures (Heid, 1988: Schrock, 1989). In precalculus courses,
graphing technologies fustered student learning of important graphical concepts (Browning, 1988;
Calcutator and Computer Precaleulus project [C°PC field test [1988-89), Harvey and others,
unpublished) while promoting positive changes in attitudes and classroom interactions (Dunham, 1991,
Farrell, 1990). Current views of learning and knowledge (see, for example, Hiebert & Carpenter,
1992) suggest that such changes should be long-lasting, but there is little rescarch evidencee to support
the beliet that these benefits are robust and enduring. This research study explored the tasting impact
of the integrated uses of graphing technologies in college algebra. College students, who had
previously used the Demanag and Waits (1990) precaleulus textbook in their college algebra course,
were interviewed during the Tast month of their traditionally taught first semester cateutus course, The
problem-solving mterviews were designed to generate data related to the above questions,

The decision to work with students who had studied precalculus with the C'PC materials was made
for several reaons. A variety of studies, including o large-scale field test in 1988-89, had shown
cognitive and atfective benefits tor high school and college students who had used versions of the
materials with computer graphing sofeware and handheld graphing calculators, so it was reasonable to
expect that the use of this approach would have similar benefits for the participants in this study.
Students who participated in the study had taken college algebra in many different sections and with a
varicty of instructors, none of whom were especialty committed to reform ettorts or the use of
technologies. The department of mathematies at this institution is very concerned about the role of
precaleulus conses as preparation for caleulus. There is a taculty coordinator assisted by a graduate
student, common tests and grading curves were used in traditionally taught sections, and a syltabus 1s
prepared cach semester to help ensure uniform coverage. The deparment makes strict use of
placement test scores for imtial placement in mathematics courses. The experimental sections did not
share the common sylabus and tests, but they were dlso designed to feed students into the regular
caleulis sequence and so shared many of the goals of the regular sections of college algebra.

Because several carlier studies had shown giins in coneeptual knowledge or higher levele of
graphical reasomng for students who regularly vsed technologios Texpected to find severad positine,
lasting benefits of the graphical upproach to precalealus. Conceptual knowledge 1s seen a richly hinked
(Hicbert & Carpenter, 1992); such connections shovld help students use ideas in new wavs and help
them et the knowledge Tonger, Speaifically . this study was designed o test five by potheses:
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L. The problem solving and mathematics skills thar stdents gain in a graphing approach
precaleulus course persist into calcuduy.

2. Because graphing students draw on graphical perspectives in new situations, they betrer develop
important concepts in calewlus, such as limits and derivatives, than do stdents with a vraditional
precaleulus background.

30 Students with a graphing backgrownd successfully develop, use. and integrate information from
multiple representational forms. These students show a richer, more fully imtegrared functional
concept than do students with a traditional precaleulus background.

4. Graphing approach studenrs show grearer flexibidiny than do raditional background studenty
when taced with problems they cannor immediately solve,

S0 Graphing approach students are weldl preparved for and successpul in calealus. Their readiness
and preparation compares favorably with thar of vraditional background studemy.

Technologies provide tools that can increase the cognitive power of students by (i) reducing or
climinating the need for extensive development of routine manipufative skitls betore concepts cun be
studied, (b) providing muttiple perspectives on important coneepts that will help students to construct
their mathematical knowledge, and (¢) promoting o broader. more unified view of basic mathematical
notions, particularly function. that can serve as a common thread running through courses (Philipp,
Martin, & Richgels, 1993y howas not expected that there would be sertous deteimental eftects for
graphing background students even in a taditionally tanght cateulus setting; it seemed that the
graphing students” enhanced conceptual knowledge could help them to develop necessary skills as
needed.

Related Research

Four arcas of existing mathematics education research provided a context for the study: (a) rescarch
ot students iearning to understund graphical representations of functions: (b the mfluence off
technologies on the balance between concepts and procedures in mathematics courses: (o) studies that
imvestigated learning in courses using graphing utilities: and «h the apparent impact of precaleutus on
subsequent mathematios course work. The tourth area. the focus of this study. contained alimost no
published rescarch.

Rescarch and theoretical discussion refating o students” understandimg o tunctions and graphs s
widespread; one review includimg scores of studies was given by Leinhardt, Zaslavsky, and Stemn
(1990 Much of this shows that students have serious conceptual difficulties mothe domain (e.g.,
Goldenberg, 1988y, much less research shows how to remedy the situation thut see, as an example,
Mokros & Tinker, TONTY More positively, several researchers have found that technologies can be
used 1o enhance learmg i precaleulus and caleulus ciasses (Bechmann, 19890 Dugdale, 1990, Hed,
TUSK: Schrock, 198O Tufte, 1990 Stadies suggested that students i the expernnental courses
pertformed yust as well as tradrional groups on roatme computattonal tashs (CPC field test data,
Harvey, et al, unpubhshed; led, TUSK, Judson, TORR)Y, Only one study Tooked Tor transter of shatls
from graphime precalanhis to o graplmg umit in a subsequent physies courser m that stndy, Nchols
(19921 detected no transter of graphmy shills from the prior use ot graphing technologies m

Aruitoxt provided by Eic:
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precalculus mathematics to the use of graphs in introductory physics. Dunham (REFERENCE) and
Dunham and Dick (REFERENCE) compiled more recent summaries of research in this area.

Design of the Study

Participants

Between 1987 and 1992 the Departiient ~i Mathematics at the University of Wisconsin oftered
several sections of graphing approach preca -ulus (college ulgebra, trigonometry) along with many
regular, traditionally taught precalculus sections. About 130 rudents who studied cotlege algebra in
graphing approach sections between 1990 and 1992 provided a pool of potential experimental subjects
for the study. Nine of these students, who were still enrolied in a first-semester, traditionally taught
caleulus course after cight weeks of the Fall 1992 semester, were paired with nine comparison students
from the same calculus discussion sections. The comparison students had traditiona college algebra
backgrounds at the University of Wisconsin-Madison. The students were matched as closely as
possible based on their grade tor college algebra, cumulative grade point average, high school
mathematics units, and gender. Data for the study came from individual, audiotape recorded, “thinking
aloud™ sessions: university records; and questionnaire responses from the 18 students and their caleulus
INStEUCtors.

Data

The most important data were the students” work on nine problems drawn trom precalculus and
calculus. The free-response probiems ranged from routine precaleutus (solve 4 quadratic system of
two equations in two unknowns) to conceptual caleulus (sketeh a graph for a tunction based on a sign
chart for the function and its first two derivatives). Graphing technologies could have contributed
usetul information for several problems although they did not provide an obvious advantage. Other
problems involved graphical concepts, but did not offer any opportunity to use a graphing utility.
Several of the problems are included as illustrations of the diftering nature of tasks

For cach of the tollowing, decide whether or not the limit exists. I not give a reason. I so, find
the value of the limit,

. ox -8 oxt 8 , '8
(ar Hm e thi lim = . (e fim
e x4 v x" 4 v x4
o8
tdi Carefully sketch a complere graph for the function fx) = - ——,
x-

e

Figure 1 Probiem 3
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i
used in the study. Figure | contains Pr()}\l\em 5, drawn from beginning ditferential calculus.® It did
not require the use of technologies but graphing tools could have been useful in the search for answers
to cach of its four parts. Figure 2 contains Probiem 15 this warmup problem involved graphical
concepts without any possibility of using a graphing utility to obtain a sotution.’

40 y =f(’7

20
10

0
10 7
4

Here is the graph of a function v - fx). Find avalue of ¢ so that ix) = ¢ has three real
solutions.

2 0 2 4 &

Figure 2 Problem |

Data Analysis

Two characweristies of the participants” wark were of interest: () the outcome, or degree of
suceess achieved on problems: and (h) the processes by which students attempted to solve the
problems. T used several coding schemes to record this information: the codes were used 1o help
identity patterns in the written and spoken data. The outcome codes rated the degree of success
achivved on the problem on o 0-5 seale while the process codes were used 1o generate frequencies of
various sofution strategies and behaviors. During the coding process T also wrote extensive notes
about the students™ work. Several statistical technigues, inctuding factor and cluster analysis, were
used o eaplore the data, In cases where there were noticeable ditferences between the two groups |

tsed the nonparametric Wilcoxon matehed-patrs stgned-ranks test; Tused a significance level of
7 < 008 for statistical tests an the study.

It turied out that Problem S produced the greatest varabality ot solution strategies and levels of
success and, s, some of the most uselul data deseloped by the studs

Problem T owas mtended as a gentle warmup exercise to help the students hecome accustomed o
“thinkmg aload ™ Surprisingly, more than halt of students were unable to solve it cotrecthy
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Results and Conclusions

Results

The data showed that there were statistically significant differences (p < 0.(5) between the groups
in the ways that students approached problems and in their uses of graphing technologies. Graphing
hackground students not only made more use of graphing technologies and strategies as they worked
on the problems: they also reported greater use of technologies in their traditionally taught calculus
course. Two traditional background students reported slight prior exposure to graphing technologies
and used graphing technologies in calculus, but the graphing students reported using technologies in a
much wider range of ways. The extent to which students used technologies was signiticant because
students reported cither indifterence to, or even outright prohibition of, the use of technologies in their
traditionally taught calculus courses. Several graphing students made remarks indicating that they
believed they should avoid dependence on technologies if they were to be successtul in regular
mathematics courses,

There were no significant differences between the groups in their readiness for caleufus (their own
and their instructors” impressions), final caleulus grades, or degree of success on most of the research
problems. Signs of ditferences reported by carlier studies could be seen in the pattern of results, but
all but one of the difterences were not statistically significant.* The one significant difference in
suceess rates (p < 0.05) was on Problem 1 (six graphing background and two traditional background
students correctly solved the problenn: A simifar vattern, but with smaller differences between groups,
had been observed on o similar multiple-choice problem administered to all college algebra students at
the University of Wisconsin-Madison during 1991-92,

The Targest difterences found by the study were in comparisons of success rates on different
problems instead of comparisons between the two groups of students. It was striking that, aside from
the mentioned differences, the groups were so similarly successtut with routine, precaleultus tasks and
had little or no success with more conceptual tasks drawn tfrom caleutus. Table T provides some
information about the students’ performince on the problems and reveals some of the patterns of
suceess on different tasks,

None of the graphing approach precalenlus students could be characterized as advanced users of
araphing technologies. Instead, they used the graphing caleutators in rowtine ways such as o find the
mtersection of two functions. They had little success using technologies to gain insights to problems
thitt they could not solve. For example, even though some students wanted to factor the numerator
and denominator of the function in Problem A, they did not think to use the graphing calculator to
assist when they were uneertain about the tuctormg identities. Neither did they use technologies to
help with an optimization probleny that was completely sotved by none of the 18 students.

For example, the graphimg students were more successtul wath abl tsks that requred graph
interpretation, Fhey abso und greater suecess solving an mequahity, a problem that could be solved
graphically or algebracally.
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Table I Test and Subtest Scores for Degree of Success Achieved on Problems

<

Wilcoxon
Mean Score? n= 9 pairs
Graph Trad G>T G<T p=
Subtest (mean rank)
All Problems 3.18 311 5 (5.00) 4 (5.000 0.7671
Frecalculus 3.79 3.59 6 (5.00) 3 (5.00) 0.3743
Calculus 2.52 "0 4 (425) 5 (5.80) 05147
Graph Interpretation Necessary 3.43 3N 6 (4.92) 3 (5.17) 0.406¢
Algebraic Manipulation Necessary 283 308 4 (3.50) 4 (5.50) 05754
Choice of Algebraic or 3.07 297 4 (6.25) 5 (400) 07671
Graphical Strategy

Graphing Calculator Possible 2.97 2.80 5 (4.80) 3 (4.00) 0.4008

* The scores reporied In this table are mean score per problem for each tes. or subtest. This facilitates compansons between tests
and interpretation of absolute levels of scores The codes awarded for the students’ degree of success on problems had the foliowing
interpretations

§ = correct 4 = bastcally correct 3 = gocd progress 2 = iittle progress 1 = nothing relevant 0 = blank

Some more qualitative analyses of the data revealed interesting contrasts between the two groups of
students that warrant further imvestigation. In an cffort to develop an understanding of the students”
problem solving strategies and thinking about mathematics T eoded information about ways that they
approached the problems, such as the kinds of strategies used. their reactions to impasses, and the
tvpes of representations they used. Naturally, 1 found considerable variability within cach group.
There also appeared several differences between the groups that, although not statisticatly significant
(partly, at east, because of the small sample sizey, follorved a pattern that could reflect expected
patterns of thinking due to differences between graphing and traditional approaches. The most notable
of these differences was in students” inclination to use inappropriate standurd strategies. A sumple
example ot this is the use of FHopital's on problem Sty several students did that after appropriately
using the rule on Stay and Sth). It seemed that student s used the rule because of the appearance of the
problem and withowt checking that 1 actually apphed i this situation, A more revealing ittustration is
given by the work of one tradittonal student, identified as TS, on the precalculus Problem 3 shown m
Frgure 30 A trimsenipuon of this students” comments wlile workimg on the problem s given i
Figure 4

ERIC S
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Problem 3,
Use the two functions £x) = x- 2 and g(x) = x? - 4x +2 t0 answer these questions.
(a) For what value(s) of x is g(z) = -1? .
ca(—tw
o

S e TR

$2-4x 13 i
(¢-3)(x-1) 2
() Find all solutions for Az) = g(x).

*—31 )(?'— q)‘1‘L

-5y +4
(= 1®=43

(¢) Find al! the values of x for which g(x) < fx).

Figure 3 Work of tradtional group student T8 on Problem 3

The student TS seemed to solve problems by choosing a remembered technigue that was based on
the surtace appearance of the problem. In solving parts (a) and (b) T8 was successtul (after correcting
an inttial error in the first part) because the chosen technigque was appropriate. The work on part (¢).
however, is unrelated to the content of the problem; instead. it applies standard manipulative
techniques, sometimes carried out incorrectly, used to solve hnear and quadratic equations. The
remarks made while working on the problem indicate that T8 also considered. and rejected, using other
technigues because the mequality symbol appeared in the problem. The use of standard manipulative
procedures in an invabid context, such as ilustrated by T8's work on Problem 3. provides important
evidence of the student's beliefs about the nature of mathemanical problem solving. It this only
happens once we might attach no more significance to it than carclessness (especially ina case such as
Sten. However, i this studs several students, both from the graphing and the tradittonal groups,

O

ERIC 3 BEST CORY AVAILABLE
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repeatedly used inappropriate standard strategies. suggesting an undesirable view of mathematical
problem solving.

Problem 3 {Side 11 192}

Um, just believe you fill in negative one for g ot x. So it equils seven | think.

[Reads part (] {Side 10 200]

Just set the two tunctions equal to cach other. And factor. And then v would equal one and tour.

[Reads part (c3] {Side b 214

Hino Ui, T'monot real sure about this one.

I Remenmiber to ey to ell me what vou re thinking as vou work.,

Okay. Let's sees Tmean, usaally when vou use less than or greater than, you know what, when you divide by negative
and the sign changes. But I'don™t know. that's not going to do any good in this problem, 1 don’t think. Or you just
solve for x. Um L. Bither that or just solve each one individually. So x would be equal to two and this one ... you
can’t factor, you'd have 1o use ... negative. that, oh b ean’t think what it's catled. Maybe, 1 ean'ts 1 don’t know what the
name of the formula was. Hezative b plus or nunus bosquared minus four a ¢ over two a.

I Okay, T hknow what you mean.

Okay. Square ... stlence. writng sounds] So .o 1 think that’s plus or minus, two plus or nuinus square root two,
think. So ... the values for x n which g of xos greater than, or less than £ ot X would be two munus the square root of
two, 1 think. Would be the only one. Not that. T don’t know.

I: Okay. Do vou beliese vou've correctly sobved each part ot this problemy?  Agamn, go through cach part.

U, the sirst one T think oo Second one, tor sures And thind one possibly, fhuyhs]

I: You're not so sure onthe third one. Okay

Right

Figure 4. Transeription of the comments T8 made while working on Problem 3

Traditional background students, including T8, used inappropriate standard procedures halt again as
often (30 timeys) as did graphing background students (25 instances). Four of the nine traditional
students cach used inappropriate strategies at feast four times, accounting tor 25 of the 36 cases: only
two grap  ng students used inappropriate strategies at teast four times for a totad of 9 instances. One
might expect that weaker students would be most inclined to apply procedures inappropriately bue this
was not the case. Several of the students who used many inappropriate strategies did have lower
grades for college algebra and caleutus (C7s), but this group atso inclided students who did guite well
in hoth courses: One of these two graphing students carned an AB in caleutus and had o BC tor

10
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college algebra; two of the aforementioned traditional students had AB's and B's for the two courses.
(T8 had a BC for calculus and a B for college algebra).®

This pattern. although not convincing, fits with ideas about diftferences between traditional and
graphing approaches in precalculus. Were similar differences found to hold in further studies, it could
reflect that many students in traditional precaleulus courses learn to recognize problem t pes and apply
specific techniques while students from graphing approach courses focus more on understanding
problem situations from a variety of perspectives. When students with these backgrounds face an
untamiliar problem, a traditional background student may be more likely to try to impose what seems
fike an appropriate solution strategy from his or her repertoire. Graphing students, on the other hand,
might be more inclined to explore the problem, perhaps using technologies and various representations.
If true, this would indicate that the use of technologies can, in fact, contribute to the development
more powerful and ftlexible problem solving capabilities as hypothesized. The results of this study hint
that this could be the case, but are not strong enough to offer confirmation.

Conclusions

Graphing students in this study did not display the hypothesized enhanced conceptual knowledge of
important calculus concepts. The graphing precaiculus course appeared to have had a lasting
influence, but not to the extent nor in the conceptual domain that one might have hoped for. Graphing
students did not appear disadvantaged in the traditional calcutus course and they continued to draw on
a graphical perspective in their work even though this was not encouraged by their instructors. In a
search for possible explanations of these findings 1 considered three groups of issues that could

. account for the weaker than expected results: (a) issues surrounding the design of the study, (b) issucs
relating to the mathematics courses that were studied. and (¢) issues relating to the broader educational
context of the study and courses.

Several noticeable ditferences between the groups were in the hypothesized direction but were not
found to be statistically significant. One problem was that the group of students enrolled in calculus
provided a sample that was considerably smaller than had been anticipated during the planning stage.
This reduced the power of the statistical tests used to detect significant differences between the groups.
For example, graphing students were noticeably fess inclined to unquestioningly apply inappropriate
strategies. Similarly, graphing students had more success with graph interpretation tasks. although not
significantly so. Perhaps true differences, in the direction one would predict, were not detected
because of the tack of statistical power.

I do not believe that the Tack of statistical power accounts for the small number of significant
differences detected between the two groups. Instead. the extensive information obtamed about cach
student by this study suggests that both groups were, in fact, highly comparable. The impression |
aained from the data and my contact with the students during the interview sessions was that neither
croup had the sort of strong, conceptual mathematical knowledge applicable in new or ditferent
sitzations that one would hope for at this level,

" One mteresting sidelight o the findings from tns study was the Tack of any apparent relation hap
between performance on these problems and grades e precaleutus or caleatus.,

O
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Why, then, had the graphical precalculis not developed the conceptual power that | had expected?
[ believe that (a) the nature of the precaleulus and caleulus courses and (b) their position in the
broader educational context accounted tor the pattern of results found by the study. Dugdale’s work
(1990) emphasized that the way in which technologies are used is at least as important as whether or
not they are used.  Although the Demana and Waits textbook (1990) emphasizes the use of
technologies to develop conceptual knowledge of functions, their textbook was used in a very
truditional way by the students involved in this study. That is, instructors would explain new material
and the students would work on similar problems.  This approach would not give students the
important experiences with independent work in unfamiltiar problem situations. In contrast, students
who study mathematics in more radically restructured courses, such as the calculus courses studied by
Crocker (1991), may shew greater lasting differences in their approach to mathematics because
technology is used to restracture the course, not just the content,

I also question how much a single conrse can be expected to change students with at least 12
years” of experience in predominantly. if not entirety, traditional courses, Along the same lines. to
what extent do the motivations that students bring to mathematics courses at this level moderate the
impact of new approaches? Many students who take precaleulus mathematics m college seem more
concerned with grades and credits than with developing mathematical knowledge. This, too, would act
to limit the lasting impact of any course.

The main conclusions of this study were that (a) graphing technologies do have a fasting impact on
students, even when the use of these tools is discouraged or prohibited. and (b) many students do not
become se histicated users nor do they gain fasting enhancements of conceptual knowledge during a
one semes. reourse delivered in a fairly traditional manner. 1 view the students” inclination to
continue using technologies, even without encouragement, as a positive sign that technologies can be
used to favorably influence their learning and attitudes toward mathematics. Students need to develop
much better mathematical knowledge than demonstrated by the participants in this study. I believe
that technologies do offer many potential benefits that could help to improve conceptual learning and
mathematical power that lasts into subsequent courses. For this to happen, technologies must be used
in more varied ways so that the benefits, such as found by earlier studices, persist.
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